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1 Introduction

The main body of my dissertation consists of three chapters (chapter 2 through
chapter 4) each dealing with a different topic yet all related to the notion of efficiency
of the financial markets which plays a central role in asset pricing.

Chapter 2 investigates into the relationship between changes in overall market
friction and changes in asset prices. Under the rather broad interpretation that market
friction is the welfare loss to agents due to market deficiencies each time they trade,
this chapter examines the structural effects of market friction on security prices and
trade volumes in an equilibrium setting where investors are risk-neutral. I present a
dynamic equilibrium model solved out in a closed form in which an ex-cost risk-
neutral valuation of assets are obtained: the market price of a stock is a linear function
of its fundamentals. All friction effects are contained in the coefficient. I find that if
the market friction is structurally biased in buyer's favor in the sense that buyers incur
marginal friction that increases (or decreases) at a slower pace than sellers do when
both sides try to readjust their sizes of trade in the face of a shock in market friction,
an increase (decrease) in the friction parameter in a given trading period will drive
both the price and its volatility down (up). On the other hand, if the market friction is
biased in sellers' favor, then an increase (decrease) in the friction parameter in a given
period will push the prices up (down) along with its volatility. If the friction structure
is "balanced", then there is no friction parameter effects on prices (and their
volatility). Hence in the case of structural bias in favor of the buyers, a steady
reduction in the friction parameters may result in a steady increase of equity prices as
well as price volatility. In any case, trade volume falls in response to an increase in

market friction.
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Chapter 3 generalizes the continuous-time asset market beyond the traditional
framework of Brownian motion driven stock prices by replacing the Brownian motion
process as the fundamental risk generating factors with square-integrable continuous
martingales. It is found that markets that consist of a bond and equities are still
efficient in the sense that markets are dynamically complete, risk-neutral valuation
holds under some martingale measure and the markets are free of arbitrage.

Chapter 4 generalizes the Black-Schole’s option pricing model by considering
interest rate risks. [ incorporate general Gaussian term structure into the short rate
process and develops closed-form formulas of equity option valuation as well as bond
prices with different maturities which define the term structure of economy-wide
interest rates. By allowing free form of the coefficient functions in the linear
stochastic differential equation that defines the short rate process, the popular models
such as the Vasicek model, the Ho-Lee model as well as the Hull-White model are

covered as special cases in my treatment.
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2  Structural Effects of Market Friction on Asset Prices

2.1 Introduction

Because of the empirical price anomalies associated with many representative
agent models in asset pricing theory which is obtained in a perfect security trading
environment, many people tried to explain the seemingly poor empirical performances
of CCAPM by the various kinds of market deficiencies such as transactions costs,
market incompleteness and information asymmetry. Research in this direction has
turned up a sizable literature both theoretical and empirical. See for example, J. Heaton
and D. Lucas (1994), E. Luttmer (1994), Jiang Wang (1993), M. Jackson and J. Peck
(1994), J. Bradford De Long et al (1990) and Jie Hu (1996).

Since the various forms of market deficiencies seem to be responsible for
observed price anomalies, the common wisdom among financial economists is that as
markets become more efficient in terms of improved overall market efficiency, one
should observe a behavior of asset prices more in line with classical fundamental
valuation in an entirely frictionless market framework such as CCAPM.

However, casual empiricism seems to suggest otherwise. The past two
decades have witnessed a phenomenal change in the financial markets. Transaction
fees have decreased greatly due to increased competition among brokerage services
offered by both the boutique shops and the full service bulge bracket firms. For
example, John Marshall and E.M. Ellis (1994) report that the cost of transacting for
institutional traders on a wholesale scale have dropped to 1/20 of the levels prevailing
twenty years ago. Also, thanks to advances in microchip technology, costs of
information search have greatly reduced and instant executions of trade become

increasingly commonplace. Moreover, markets are made more "complete” as more

3
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4
products become available ranging from plain vanilla to the most exotic, thanks to the
ingenuity of financial engineering. (see Merton Miller 1994). And yet, there is no
empirical evidence that indicates reduced price anomalies. On the other hand, the bulk
of current research also fail to adequately address the issue of what impact it will have
on asset prices as markets more and more "friction-free". Motivated by this
observation, my paper tries to answer, in a general equilibrium framework, the
question under what conditions an improvement in the overall market efficiency may
actually cause an increase in the degree of these price anomalies, and under what
conditions the relation is exactly the opposite.

My paper differs in methodology from the existing research on market
deficiencies in a number of aspects. First, instead of looking at specific types of
deficiencies, I pool together all the existing institutional, physical and psychological
barriers investors (sellers and buyers alike) will have to overcome each time they
engage in trade. Indeed the conceptual distinctions among the various kinds of
deficiencies are often blurred at least empirically. Transactions costs may be
interpreted as one form of market incompleteness or, as is noted in D. Lucas (1992),
may exacerbate the incompleteness effects, and information asymmetry can induce
information search costs, etc.. Thus, although the terms market friction and
transactions costs are used, my paper does not address any specific kind of financial
costs involved in transacting activities. Rather it is on market deficiencies in general
and the terms are therefore given a much broader and richer interpretation. The literal
transaction fees (which may justify proportional cost functions, or fixed costs) are
only one of the many factors that serve to deter a smooth trade especially when the
transaction size is large. The liquidity concerns, the potential cost of search for trade

partners or an efficient distribution network, the cost of information to the less
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5
informed "outsiders" (as opposed to corporate insiders), the concerns of inability to
perfectly reallocate income streams across time and states of nature due to market
incompleteness such as borrowing and short sell constraints, may play a far more
significant role in an investor's decision. Therefore, [ summarize in a function all the
welfare loss to agents in trade due to the factors that jointly work against smooth
trading activities and call this function the premium of market friction or simply the
transactions costs. A decrease in the friction parameters will be interpreted as an
improvement in the overall market efficiency and vice versa.

Secondly, my paper distinguishes itself from the bulk of the literature on the
effects of transactions costs on asset prices in that the type of cost effects examined is
quite different from current research. As is observed in S. Grossman and G. Laroque
(1990), most empirical and theoretical papers on effects of transactions costs are
centered around explaining how the presence of costs distorts agents' IMRS (inter-
temporal marginal rate of substitution) causing the deviation of asset prices from what
is justifiable through CCAPM. I call this type of effects the “"effects through pure
IMRS distortion" Such an approach seems to suffer some drawbacks. As is observed
in G. Constantinides (1980 and 1994), effects of this type are of second order
especially when the costs are small, which is certainly the case when they are literally
interpreted as brokerage fees and commissions, etc.. Moreover, this approach does
not appear to adequately account for the paradox that my paper sets out to dissect,
namely, why the exacerbation of price anomalies seems to co-exist with the rapid
evolution of financial markets toward being more efficient in general. My paper
identifies another and perhaps more potent source of cost effects which stems from
the inherent structural imbalance of market friction. I call this type of effects the

"structural effects”" of market friction.
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6
Roughly speaking, structural effects are the type of effects on asset prices that
arises when market friction is structured in such a way that aggregate buyers respond
differently than aggregate suppliers in the face of shocks in the friction parameters.
The intuition behind this is fairly straightforward. Market friction acts like a double-
edged sword that cuts into the profits of both the buyers and sellers. But the broad
interpretation of market friction suggests that buyers and sellers in a given market
may face trade barriers that are quite different in nature. Therefore, in the face of a
change in the marginal friction, the two groups of investors will respond differently in
their assessments of marginal change of friction premiums, or marginal costs, which
will in turn force them to readjust their demand (or supply) of the security
accordingly, temporarily causing mismatch of the demand and the supply in the
security. Price will have to adjust to put the market back in equilibrium. For
instance, when marginal friction reduces, both buyers and sellers have incentives to
increase their sizes of trade since both sides find themselves operating at the levels
with marginal revenues strictly greater than marginal costs!. But buyers' marginal
friction may very well increase at a slower rate than sellers and thus aggregate
demand for the security expands more than aggregate supply creating a momentary
shortage of supply. Price must adjust upwardly to quiet down demand on the one
hand and to attract more supply on the other, until the market is back in equilibrium.
I refer to this situation as the "structural bias in favor of the buyers".
Although structural bias in sellers' favor may also happen in theory, the former
scenario appears to fit in more realistically with the on-going changes in our financial
markets. An overall improvement in market efficiency seems to attract more

activities from the buyer side than from the sellers. This phenomenon is not without

I Here the accounting definition of revenue is the cash flow (including capital gains and dividend
earnings) in a given period excluding friction premium. Cost is defined to be the friction premium.
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7
a good explanation. Selling activities primarily come from those who are already in
the financial markets, as in the case of liquidity sales. On the other hand, buying
activities not only come from those who are already in the markets but also from
those who are originally outside the markets. Indeed, advances in information
technology nowadays provide an easy access to the necessary information for an
average person at a much cheaper rate. A much reduced brokerage fee makes it
cheaper for individuals to invest in stocks (and bonds). The availability of more
advanced hedging tools such as derivatives products makes an outsider more willing
to dip into the financial markets (more often as buyers than as sellers since people
don't typically come in and short sell). The rapidly emerging mutual funds make it
much easier for individual investors with limited financial resources to diversify their
portfolios and spare additional information and monitoring costs by investing in
various kinds of growth and income funds and become indirect shareholders. In
short, the improvement in overall market efficiency seems to attract market entries by
many investors who would otherwise shy away from financial investments, causing
more money to be pumped into (rather than taken out of) the markets. With a
relatively stable total supply of stocks, this will inevitably drive up market prices.
The data contained in table 1 is perhaps revealing of the money driven stock price

increase.
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Table 1
Assets of the Financial Institutions ($Billion)

Years Financial Insurance Commercial | Mutual
Industry Companies | Banks Funds
1989 12,152 1,734 3,233 555
(100 (14.2%) (26.6%) (4.6%)
1990 12,910 1,880 3,342 578
(100%) (14.6%) (25.9%) (4.5%)
1991 14,784 2,092 3,440 814
(100%) (14.2%) (23.3%) (5.5%)
1992 15,876 2,247 3,640 1050
(100%) (14.1%) (22.9%) (6.6%)

Note: Numbers in brackets indicate relative sizes of the categories (compared within each

row). Data source: Annual Statistical Digest, Board of Governors.

To isolate the structural effects, [ look into a risk-neutral world (see footnote
2), where investors trade securities out of time preference motives. Since in general
the observed cost effects are the result of the complex interactions of the two sources,
and the ultimate result depends on which is the dominant one, we believe that
structural effects of market friction should receive equal treatment, if not more.
Indeed, investors (arbitrageurs and speculators alike) are known to have long
exploited the cost structural imbalance to their advantages by switching between
buyer side and seller side and the structural effects might well become dominant,
especially if the effects through IMRS distortions alone are inadequate to explain the
My paper finds that it is the inherent structure of market friction rather than the sheer

magnitude of costs that contributes to the price anomalies.
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A word on the functional forms of market friction is due. Casual empiricism
indicates that market friction with this broad interpretation should exhibit convexity
with respect to transaction size. In other words, market friction typically entails
diseconomy of scale since the average costs increase with transaction sizes? . An
asset becomes increasingly more difficult to clear out of one's portfolio for liquidity
reasons when the volume is large. Large size transactions often require time
consuming SEC procedures that are otherwise not necessary. Debt financed purchase
of stocks or other types of assets becomes increasingly more difficult when the
amount of cash required is large since collateral requirement involves high
opportunity costs. Financial institutions are known to charge higher interest rates for
large size borrowing in order to offset the risk of default (this is also true of public
debt instruments as in the case of high-yield junk bond issues that are often used to
finance large size LBO's). Finally, market incompleteness is nicely captured by
convexity. People tend to use a set of constraints (as in short sale constraints or
borrowing constraints) to describe the scope of allowable portfolio choices. It is my
belief that, given the vast investment opportunities, it is not entirely unreasonable to
replace the hard, rigid and insurmountable constraints with convexity of cost
premium. Punishment at an accelerating rate may tie up an investor's hands just like
an artificial constraint (we may refer to this as the shadow price of overcoming the
constraints. After all, a constraint is just like a cost function in the utility in the
corresponding Lagrangean). One may overdraw one's bank account. But in so
doing, he (she)'d better prepare for costs (both in money and the credit track record) at

an increasing rate. In other words, convexity here serve to smooth up what could be a

2 A counter example might be brokerage fees as discount rates are often available for large size
transaction. But again, the influence of literal transaction fees may be small compared to other types of
trade barriers.
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10
binding solution (with hard constraints imposed) to an interior one. In short it
appears to be a reasonable assumption that investors demand a premium for market
friction at an increasing rate as the size of transaction grows since it becomes
increasingly more difficult to overcome all the physical, mental and financial barriers
to trade3. Thus I do not assume specific functional forms for the premium of market
friction but [ do impose convexity.

The rest of the paper is organized as follows. Section 2 formally presents the
equilibrium model together with its dynamic solution concept. Section 3 looks at a
special case in which there are two agents trading securities with each other and the
cost function is symmetric (as is typically assumed). It alerts us to the fact that
market friction actually has no effects on equilibrium prices (and its volatility) other
than driving trade volumes down when cost structure treats buyers and sellers in a
balanced fashion in that sellers and buyers equally adjust friction premiums whenever
there is a shock in the friction parameters. Section 4 studies the structural effects of
market friction in a general setting with asymmetric cost functions and multiple
traders. Section 5 further explains why friction effects can be decomposed into two
parts that are very different in nature, namely structural effects and risk aversion

effects. Section 6 is the conclusion.

2.2 Model Setup

The equilibrium concept is the usual competitive one. No game-theoretic

micro structure or price formation mechanism is assumed.

3 Although technically my model is a risk-neutral one, the convexity of friction premium actually allows
for a portion that is the certainty equivalent of one's risky investment, i.e. the risk premium which
seems to decrease as markets become more complete in terms of availability of hedging tools such as
derivatives products and channels of diversification such as mutual funds. Hence investors are not
truly risk neutral.
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Underlying uncertainty: (Q, J, P), any probability space.

Ti

horiz

T={0, 1,2,.., T}, where T is a finite integer.

Information: There is no information asymmetry and all investors are equipped with

(w1

itie

the same information structure described by a filtration F = {, hreT OR
Q, <7). We assume that (70 = {Q, D} so that a random variable x is :70-

measurable iff x = constant P-a.s.. Also U1, =0d.

: There are N securities indexed by » = 1, 2, ..., N. Security » has an

F-adapted price process s = {Sf”)},e-r. It also has an F-adapted
dividend process D) = {Dg") }teT- Security trading in the nth

security market involves transaction costs or friction premium, which
is represented by a convex function g, FN> 2, such that q,(0) =
0. The argument x in g,(x) will represent the dollar size of order in
security n with positive value so that a positive value of x represents a

buy order and a negative value of x represents a sell order.

Strategy A trading strategy is an “N.valued adapted process X = {X},.r where

X, is the net portfolio holding in period ¢. Let © be the linear space of

trading strategies.

Cash Flow the market is open for trading from period 0 through period T - 1. In

the final period 7, all final date dividends are delivered to stock holders
costlessly making all the stocks void for any further trading. Thus an F-

adapted cash flow process ¢ = {c,},cT is said to be financed by strategy
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X = {X} 7 iff the following is satisfied, with X_; being the endowment

of portfolio at the very beginning of period 0:

€= XDy =857, ~X,) = T 48P -XT)), 0S4 <T -1
cr=Xr_'Dr

Agents: There are m investors indexed by i = 1, 2, ..., m. Let 4 denote the set of
agents. Agent i has a utility function U'(c) = thg 5” ¢, over the set of all

adapted cash inflow processes ¢ = {c;},c1, where &; is agent /'s time

preference parameter.

Subject to the initial portfolio endowment X_,, an agent problem is described

by the following mathematical program.

Max 1 max E Z_Tét. c
@MWLQ[W'J

Equilibrium Agents are price takers. An equilibrium is a vector ((¢/, Xi)ieM, S) s.t.
for each i, (ci, Xi) solves Max 1 with the given price system S and the

security market clears:
Z:ieAXi =0

We will only consider the case in which the agent problem is amenable to the

dynamic programming approach. There are N securities traded on the market.
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Security 1 through N has a dividend process D whose state space is represented by a

nonempty measurable set Z < £ f .- We assume that D is Markovian with transition
probability function P, : Zxﬂ)’(Z) — [0, 1] s.t. for every x € Q fixed, P,y (x, ") isa
probability distribution on (Z, (B(Z)), and for every event 4 € (B(Z) fixed, Py pp (s 4)
is measurable. Let Q = Z7 be the underlying space of states of nature with Jf = H,e
Tg,, where <7, = (3(2), V t € T. The filtration F is the past history of dividend
earnings.

A natural setup of the dynamic problem of a generic agent is as follows. Let
X = EN be the endogenous state space so that each X € I is regarded as a net
portfolio holding. Let I[',: TxZ —» © be a set-valued correspondence given by I')(X,

D)= Ef x 2 f . A generic agent faces with recursive problem at the beginning of
each period ¢ given net portfolio holding X, and dividend earning D,: he chooses a

portfolio strategy process X' = {X,} :=g ! to maximize the following quantity

V(X._ ., D,)= max X_,-D, =S(X.-X._ )= 3. _N g 1s™.ox{m _xmy 4
X1 D) (X:)EF(X:-I,D:){ 1Dy =Sy (X=X 1) = 2=y 4[SHX] -]

+ [Ven(X, D) B(D, D)}, 0SS T
VilXr_1; Dp) =Xp_ "Dy, subject to X_; given as endowment

Investors have incentive to trade because of different time preference rates. We will
see that the person with the lowest rate is always a net seller while the person with the
highest rate is always a net buyer. Note that because of the presence of convex
transaction costs, it is not optimal for sellers to sell all his stocks nor is it optimal for

buyers to purchase arbitrarily large number of shares in a single market transaction.
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2.3 Symmetric Costs and Two Agents
In this section we study the case in which there are two investors i, j both risk-
neutral but with different discount rates &; and &; (this is crucial to ensure trade in

equilibrium). The cost function g,, satisfying the following conditions

A2.3.1 q,: £ — £, is strictly convex and differentiable, ¥ n;

A232 q,(x)=q,x),Vxe =,Vn

Rem The restriction g,(x) = g,(~x) in A2.3.2 simply says that transaction costs are
symmetric w.r.t. purchase and sales. In fact if g,(x) = f,,(xz) (where f, is
differentiable), then g, satisfies the requirement. Being a function of X2 is
equivalent to being a function of [x|. The only difference lies in that a

differentiable function of |x| may not be differentiable at x =0

A"

Selleg Side Buyer Side

V

(0,0)

the graph of a symmetric friction premium function
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Let's consider the static case in which there are two periods ¢+ = 0 and 1.
Markets are open on day 0. There are N stocks traded. Let Dy be the dividend (a
constant vector) delivered on day 0 to investors with initial endowments of portfolio.
Let D; (a vector-valued random variable) be the dividend to be delivered on day 1.
Suppose there are two investors both risk-neutral but with different time preference
rates. Let investor i be endowed with portfolio X; on day 0. Let S be the going

market price. Then investor i solves the following problem:

max {X; Do = S-¥; = Ly ey anl SV = X)) + 6 [ 1 Dy P(dD))}

1

where g, > 0 serves as a friction parameter representing the marginal change in

friction premium. Let
u= IZDlP(le)-

ote that yis an =% -vector). Now the agent's problem becomes
H p

max {X;-Do ~ §-; = Tt qalS™(1" = X)) + ;Y

FOC

r. s _ g .50.g, (SO X)) + 544 = 0, or (assuming S # 0)
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u

Edn [S(”)(Y(") X("))]— ( — 1=

Mo
n) (y(n) n)
S.(r — x(my = ral— ( w0 —1)], 2.3.1)

. . ,
where r,, is the inverse of g,;'.

Adding the above across i and j and observing that Yf”) - Xg") + Yg.") - XS.") =0in

equilibrium gives

1 (6™ 1 (o u®
0=r [— ZiE_~_4 | Vi
rﬂ[g n { S(”) ] + rn[g i S(") 1 ]

By our assumption about g, (A2.3.2), r,(—x)=-r,(x). Thus we have

) 5 iu
,.n[_l_. o iu ~1|=r L |24 ~11]
€ p S(”) £ S(")

s - su™
I R O R
S(n)_ J‘u(ﬂ)._ .I E(n)(Dl)
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We see that as the friction parameter &, disappears from the expression of 5 and we

obtain a risk-neutral evaluation of the price where the discount is the average of 6; and

o; .

j; . However, the equilibrium demand by / does depend on &,. In fact from (3.1)

above and the expression for S we get

S e el ]|
(5i+5j)/1” € p 5,’+5j

Thus as long as & = &, Y§”)—X§”) #0, i.e. there is always trade. If &; < &, then YE”)
- Xﬁ") < 0, (notice that the space of exogenous shocks, i.e. dividends is Z which is
assumed to be contained in iv .- Hence pe et iv ,.)- Thus investor j buys and investor
i sells. This is consistent with our intuition. Investor j does not discount future
income as much as i/ does. Hence j has more incentive to buy stock at present for
future consumption. It's clear that we may relax the differentiability assumption on g,

to allow kinks at x = 0. The above Yg”) is still optimal since FOC is sufficient In

other words we may allow g,,(x) = f,,(x]) as long as strict convexity in x is retained.

Why is equilibrium price independent of the friction parameter &, ? Suppose
&; < &; so that investor i is a net supplier and j a net demander. Let's consider agent i's

optimal supply and j's optimal demand as a function of S"> 0. We have

(n)
Moy _ymo_ L Lo
S'S( )—Xf Yf s r"[gn[ s 1]]

(n)
My _pmy o L L[S H T
4™ =1 - x§ o Tl { s L]
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At equilibrium, s(S"") = dJ(S(”)*) as is shown in the following diagram.

S(” )

\/\

o) = on

Suppose a shock occurs to the friction parameter &, so that it moves to a new value &

n > &, Thus the demand curve shifts inwards to a new location and the equilibrium
. . . . S(n)' S(n)#

price is temporarily subjected to the pressure to move to the value < as

shown below
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S(”)
AN
si(‘en)

s

B P
S(n)’/ \ T dj(gn)

n)
Q(")* ¢

However, since costs are symmetric w.r.t purchase and sales, the above demand and
supply schedules derived under risk-neutrality imply that the same shock creates a
symmetric outward shifting effect on the supply curve so that the pressure on the

equilibrium price to change is exactly netted out at the expense of the trade volume:
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Although there is no visible effects of shocks in marginal friction on
equilibrium prices, other endogenous variables do depend on &,. The trade volume
always shrinks as costs rise since the number of shares traded is given by buyer's

equilibrium demand (which equals seller's equilibrium supply)

P _ ym) = 2 | 2% 1y
l l 8,,(5,--*—51-);1 (m) 7 €n 51"*'6]'

One might conjecture that as long as one raises the friction parameter &, high
enough, investors will be obstructed from any trade as the payoff of any given
investment (which is fixed w.r.t to increase in ¢,) will no longer be sufficient to
compensate for the cost. It is true that given any positive amount of trade no matter

how insignificant it is, one may always raise the parameter high enough to make it
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inferior to zero trade. But this is not the way investors' optimization problem works.
We should take all exogenous parameter as given and then optimize. The question
should then be: given any level &, no matter how high it is, is there a positive
amount of trade that is better than no trade? The answer is yes at least in our model.
The net trade is always nonzero (as long asd; # &) at any level of &, The reason is
simple, at any level of ¢, the first order convexity effect approaches to zero when
transaction size is arbitrarily small (since ¢,(0) = 0 ). Hence a small amount of
transaction can still be optimal. Notice that the presence of friction at a given degree
may actually block some individuals from trading. But notice that we should
interpret an agent in our model as a group of people (with similar tastes). As
individuals drop out of the market one by one, aggregate demand gradually

approaches to zero (but does not have to be exactly zero).

2.4 General Case: Asymmetric structure with Multiple Agents

We now study the more general dynamic mode! in which there are m risk-
neutral investors differentiated by their discount parameter &, i = 1, 2, ..., m. The
function of friction premium g, is no longer assumed to be symmetric. In fact there is
no reason to believe that costs are symmetric w.r.t purchase and sales. We may even
assume that markets discriminates against individuals in that different investors may
incur different market friction in a given market even if the transaction volume is the
same. An anecdotal story could be that a person (or institution) with a good credit
history, having a good relation with the investment banks, or belonging to certain
privileged groups may incur far less search costs than a person with different

backgrounds. Thus let q; be the friction premium to investor / in the market for

stock n. Investor i's recursive problem now becomes
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Vi, D)= max (6D ~S;(Y; = 1)~ Zpe g}, 171 — 4] +

+ é}lef,+l(}§,5)P(D,d5), 0<t<T-1
Vi{X, D)=X-D

where ef”) serves as the marginal friction parameter in the nth security market in the

t-th trading period.
Here we assume that
A2.4.1 qfl : & — ¥_ is differentiable and strictly convex, with q; 0=0,Vi,Vn.

Notice that under A2.4.1, the marginal cost qg " is strictly increasing and also we have
q';l '(0) =0 since q',; attains minimum at 0. Thus q‘;l ' has a inverse function called ril s
which is also strictly increasing with r; (0) = 0. This observation plays an important

role in our subsequent analysis.

A2.4.2 There is a constant, NxN matrix G such that the family of transition
probability measures {Pm +1(+), 0 £t < T -1 }satisfies,

jZD-P,,,H(E,dD) =GD,1<t<T,vDeZ"

The above assumption simply says that the dividend process D = {D,} .y satisfies

the growth condition E[D,,|D,] = GD, so that by recursive substitution, we get
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E[D,,,|D]=G™D,

t+m
For example, if 4 = diag{g, g5, -... gy} then we get

E[D D] =g™-D{™

t+m

which says the net growth rate of the dividends of the nth security is g, — 1. It is non-

essential to the qualitative results but it does simplify computation later on. In the

following, we denote by gf,',),, the (n, m)-entry of G*

Prop 2.4.1 Assume A2.4.1 and A2.4.2. Suppose {Sy, Sy, ..., S7_|} is a nonzero
equilibrium price process. Then in each period T —twith 1 <r<T, Sr,

satisfies

t NN (0 p(m)
1 ) (Zk=15i)zm=1ganT—t

(n (n)
€ T-t ST—:

24.1) 0=3%;r" ~1|[,0<¢<T-1, Vn

where r’n is the inverse function of the marginal cost q'n’

proof Contained in the proof of Theorem 2.4.4 in Appendix A.
QED

To drive home the point that we need to have structural imbalance in market

friction in order to have structural effects, let's look at the following corollary.
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Cor 2.4.2 Let n be fixed. If there is a number k£ so that each q; is homogeneous of
degree k, V i, then the cost parameter &, has no effects on the equilibrium

price S in each and every period.

proof  Since q:; is homogeneous of degree £, qil " is homogeneous of degree £ —1
>1

- 2

rt () = 2t (o), or

i.e. q; "(Ax) = ;Lk'l-qz "x), Vx,V A>0. Butthen rfl satisfies

1
rf (Ay)=Ak-Lrl (), Vy,¥ 1> 0.

[t's clear now from the equilibrium condition in Prop 2.4.1 that the factor

s,,'l can be canceled.

QED

For example if

g’ @) =afd k=2,V,

then no relation of shocks on & will bear on the equilibrium prices.

The above results sharply points to the fact that when certain kinds of
structural balance prevails in the market friction, then increasing or decreasing overall
friction parameters will not affect the equilibrium prices. The intuitive reason is
similar to the two-agent with symmetric case: under certain kind of uniformity or
homogeneity, the pressure on the prices created due to shift of the aggregate demand

curve of one group of agents is exactly offset by the symmetric shifts of the
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aggregated supply curve of the rest of the agents. In this case we say that the market
friction obtains "structural balance". Therefore, in order to have visible effects of the
friction parameters, the friction structure needs to be "skewed". In order to

understand the working principles of structural imbalance, we first give the following.

Prop 2.4.3 Assume A2.4.1 and A2.4.2. Then investor /'s optimal policy in the (7-r)-th
trading period, as a function of the initial portfolio and dividend pair (X, D)

as well as the vector S, of market prices and the vector &1, of friction

parameters, is given by

(Z ) Z (t) m
8(7")[%( (n) [Y(n)l(X D)- X(n)]) k=1 - =18nm’ L1

T-t

0<t<T-1, Vn (2.4.2)

or equivalently,

(1) plm)

| B 1 (Zk =1 )Zm 18nm Dy,
Sl RQ)
Tt €T T~t

-1

Y i, (X, D) - X =

0<t<T-1, VYn (2.4.3)

proof Contained in the proof of Theorem 2.4.4 in Appendix A.
QED
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Notice that Y(")’i(X, D) - X s agent {'s order (number of shares) in the nth
T—t
security market in period 7'—¢. When Y,I(.f)t’ X, D) - X" >0, agent / is a net buyer, if
Yf.’l)" X, D) - X" <o, agent i is a net seller. Therefore the transaction size (in

shares) for agent i in the nth security market in period T — ¢, is defined to be
|4, D) - X,

Equation (2.4.2) is simply the classical optimality condition, namely, marginal
revenue (the RHS) must be equal to marginal cost (the LHS) (see also footnote 1). To
gain some insight into structural imbalance, let's look at the case of two agents i and j.
In equilibrium, suppose i is a buyer and j the seller and since demand is equal to
supply we must have

Y06 D)~ X =y 72 (x, D) ~ X,

or equivalently,

7§, Dy - X =1y 2 (x, D) - )
T~t T-t

When the market experiences a shock in marginal friction, say, the marginal friction
parameter g(T"_) , reduces to a lower level, then both agents have incentives to increase
their transaction sizes since marginal revenue is higher than marginal cost for the
buyer i and marginal revenue is lower than marginal cost for sellerj (notice that for
seller j, both the marginal revenue and the marginal cost are negative). This is also

seen mathematically since the marginal friction function g¢,'(x) is increasing in x.
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Therefore, the magnitude of increase in transaction size in buyer {'s readjustment of
optimal policy depends on how fast marginal friction g,/(x) (>0) increases w.r.t to an
increase in x (>0). Seller ;'s analysis mirrors the buyer's. The magnitude of increase
in transaction size by seller j depends on how fast marginal friction g,/(x) (< 0)
decreases w.r.t to a decrease in x (< 0). If¢,'(x) increases slower on the buyer side
(i.e. w.r.t an increase in x > 0) than it decreases on the seller side (i.e. w.r.t a decrease
in x < 0), then, to obtain optimality, buyer i will have to increase his/her demand more
than seller j increases his/her supply. In this case, the nth security is under-supplied
in the (7-f)th period and the market price S (773 (Will have to adjust upwardly to get
back in equilibrium. This is the case which I refer to as "structural bias in buyers'
favor", i.e. the overall market friction works systematically in favor of buying
activities in that the marginal cost born by the buyer increases at a slower rate than by
the seller when both sides try to expand their trade. In my model, this is precisely the
reason why market will attract more buying activities causing a demand-driven price

hike when the friction parameter reduces.

Based upon this intuitive understanding of structural imbalance, it is not
surprising to see that the following hypothetical function for friction premium

exhibits structural bias toward the buyer in the case of a two-agent model.

x* ifx> 0;
244) gn(x) = 3 .
-x”, ifx<0

The marginal friction is given by
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2x ifx20;

'(x) =
An {—3x2, ifx<0

which is illustrated by the following graph:

9n /\

the seller side the buyer side

\4

(0, 0)

Clearly, the market friction takes a heavier toll on the seller side when both sides try
(unilaterally) to expand transaction sizes since the signed marginal friction g,/(x)
decreases (i.e. increases in absolute value) much faster as x (<0) becomes more
negative (i.e. increases in absolute value). We shall later on prove that in the above
example, the price of the nth security increases (along with it's volatility) as the nth
market improves in overall efficiency.

We now try to give a general characterization of structural imbalance of

market friction. For this purpose, we need to solve oui the above equilibrium.
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Fortunately, the dynamic equilibrium model admits a closed form solution as given in

the following theorem. To keep track of notation, we use i, j to denote agents, » to

denote the nth security, and ¢ to denote time periods. ri is the inverse of marginal

friction q '’ to agent / in the nth stock market and e( ) is the marginal friction

parameter in the nth market and the rth period. & is agent i's time-preference

parameter, and finally, g(,{,),, is the (n, m)-entry of G !, where G is the growth matrix

mentioned in A2.4.2.

Theorem 2.4.4 Under A2.4.1 and A2.4.2, the model admits a unique nonzero

equilibrium prices process § = {S;}g<<7|- S is independent of the initial

condition, i.e. the initial portfolio distribution X, among agents as well as the
initial value of dividend Dy. Moreover, in each period ¢t with 1 <t < T, S;_,,

which depends only on the current value D, observed, is strictly positive

and has the form

S (Dr) = gD 1 <r<T, 1sn <N, (2.4.5)

(n) m=1 Enm T-t ?
Wl

where w(?f’_) . is the unique non-zero number satisfying the equation

m -
{
Zrn[g (n)

i=1 T—t

( () Zk 15" )J=o (2.4.6)

Moreover, the optimal portfolio policy by / in each period is given by
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(n)
yitm n) _ i 1 ( (n) k_ )
VL& D) =X N (r) D§m r"[g(") YN
Zm—-[ nm Tt

1<t<T, Vn 2.4.7)
and the value function of i is given by
Vo (D) =(4 08 EXGDY X +f_,, 1SI<T 248)

where fT_ , is recursively determined through the following:

fro =S T - ) 82, 0t - )

n
—Z"q£1°r(€ ( (") Zk l§k ))+5if;‘—t+[s 1<t<T,
n

fr=0 (2.4.9)

proof Backward induction and application of Lemma A.l (in the Appendix A) in
each iteration step. See Appendix A.
QED

As is seen, the price risks of a security are entirely driven by risks of the
underlying project reflected in corresponding dividend process. The market

mechanism contributes to the price risks only by multiplying the stochastic dividend
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(in a given period) by a constant factor I/W(Tf'_) .- [tis nice to see that all friction effect
on equilibrium prices are contained in the coefficient w(.[f'_) .- Call the function w(.[f'_) .
the distortion function in market n and period T — ¢. An increase (or decrease) in
w(T"_) , brings about a decrease (or increase) in the equilibrium price S(;'_) , as well as its

volatility. Hence, the study of friction effects hangs critically on the behavior of the

distortion functions.

To simplify notation, let's consider a change of variables given by

for each security n and each trading period . Gf”) may be regarded as a parameter

representing market efficiency. Hence a reduction in gg") 1s interpreted as an

improvement in market efficiency. Then (4.6) becomes
Zr ln [9(7’1—): (or_y,i 'W(T"_), -D]=0 (2.4.10)

where a7, ; = Zj= q 6{‘ Equation (4.10) determines w(T"_) , as a function of 64,
with 9(75'_)t ranging all over <,,. Note well that w(T"_Z I(Q(Tf'_) ;) >0 in each period T
—t, and (4.10) implies that there is some value a > 0 s.t. for all &; with 6; <aq, 6(a"T_ .

w ™ ~ 1) < 0 and for all those s with & 2 a, 8(c._,-w ¥ ~ 1) > 0. In other
words, for those / with &; < a, investor i is a net seller in the nth market and for all
those i with J; > a, investor i is the net buyer in the nth market. Therefore if §; < &, <
... < Oy, then investor 1 is always a net seller and investor m is always a net buyer in

every market and in every period.
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As seen from the previous discussion, when the market friction leans in favor
of one side of a transaction, this side has more freedom in adjusting its aggregate
demand (or supply) than the other side since the marginal friction changes at a slower
rate. This is the essence of structural imbalance. This can also be captured in terms
of the inverse function of marginal friction. A slower changing marginal friction y =
g, (x) atx> 0 (or x < 0) is equivalent to a faster changing inverse r,(y) at y >0 (or y <
0). In fact, equation (2.4.3) in Prop 2.4.3 directly ties the individual order size to the
inverse of marginal friction and it clearly demonstrates that individual who faces a
slower changing marginal friction will respond more violently in adjustment of his
(her) transaction size, be he (she) a seller or a buyer. The following is my formal

definition of structural imbalance.

DEF Let r; be the inverse of marginal cost functions q; Ni=1, 2, .., m

Suppose they satisfy the following condition: for every & > 0, and for every

vector of real numbers (ay, a3, ..., a,;) #0 with

Tir (6a)=0 2.4.11)

there exists a number p > 0 such that for every & in the interval (8, 8+ p),
>ir (6-a)> 0 (2.4.12)

Then we say that the nth security market exhibits structural bias in favor of the

buyers. If the relation " >" in (2.4.12) is replaced with " <", then we say the nth
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security market exhibits structural bias in favor of the sellers. Ifit is replaced with

an equal sign " =", then we say the nth market obtains structural balance.

To understand the definition, let's first look at (2.4.11). We may regard 8 as

the reciprocal of the friction parameter, i.e. @1is the efficiency parameter, and let

t k
= D(n)t Zk=15 i

-1
ST,

q;

Then, from (2.4.3), r; (8ay;) is simply agent i's demand or supply (modulo a common
coefficient). Thus (2.4.11) is simply the equilibrium condition: aggregate supply is
equal to aggregate demand, with the positive terms representing individual demands
and the negative terms representing individual supplies. Suppose the equilibrium
price S(T"_)[ is rigid at first (that's why a; is a constant). When @ is increased to a
higher level 8', every agent wants to unilaterally increase his (her) trade size so the
positive terms in (2.4.11) will become more positive and the negative terms in
(2.4.11) more negative. But (2.4.12) says that the net result is that aggregate demand
exceeds aggregate supply (before price adjustment). In other words, at an aggregate
level, buyers increase their demand more than sellers increase their supply because
the marginal friction function changes at a slower pace on the buyer side than on the
sell side. This is in term reflected in faster changes in the inverse function of the
marginal friction on the buyer side than on the seller side as in (2.4.12). In this case,
pressure is on the price to increase to a higher level to put the market back in

equilibrium, which is shown to be indeed the case in the following theorem.
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Lemma 2.4.6 Assume A2.4.1 and A2.4.2. For every n, if the nth security market

proof

exhibits structural bias in favor of the buyers (respectively, sellers), then in
each trading period, the distortion function w(T”_) , is a strictly increasing
(respectively, decreasing) function of the efficiency parameter 9(77_) (- If the

nth security market obtains structural balance, then w(T"_) , Is constant w.r.t.

)
a;"_,.

see Appendix A.
QED

Theorem 2.4.7 Assume A2.4.1 and A2.4.2. For every n, if the nth security market

proof

exhibits structural bias in favor of the buyers (respectively, sellers), then in

each trading period, a reduction in the friction parameter a(T"_) , (equivalently,
an increase in 6’(77_)1) will drive the equilibrium price S(Tf’_)t up (respectively,
down) along with its volatility (measured by price variance). If the nth

security market obtains structural balance, then the equilibrium price S(T"_) .

(and its volatility) is constant w.r.t. changes in the friction parameter.

Direct consequence of equation (2.4.5) and the above lemma.

QED

In my model, the volatility of asset price increases (or decreases) because the

price goes up (or down) by the same constant scaling factor 4 in every contingent

state of nature. As a result, the mean price goes up (or down) by a factor of A and the
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variance goes up (or down) by a factor of A2. Thus, in the case of structural bias in
favor of the buyers, the rise of price volatility is completely due to an increase in the
magnifying factor of volatility of the underlying risky projects. This type of volatility
increase is intimately tied with structural imbalance of market friction (which
contributes to the increase in the distortion factor w(Tf'_) ;) as well as the project risks
and therefore can not be abated by reducing noise making trading activities. Thus my
model suggest that, unless the structure of market friction is changed, we'd better
prepare for even higher volatility in security prices as the markets continue to

improve in overall efficiency.

Apart from its economic significance, we now demonstrate the power of the
above theorem in determining to which side the friction structure is tilted and hence
how price and volatility will react to changes in the friction parameters. Recall the

example in (4.4) in which the marginal friction function is given by

2x, ifx=20;
g,(x) =

—3x2, ifx<0

Hence the inverse function is given by

y/2, ify>0;

W)= {-,/-y/3, ify<0

Now let a, b be two nonzero numbers and 4> 0 s.t.

rp(@-a)+r,(6b)=0
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Then we must have that either a or b is negative and the other is positive. WOLG

suppose that a <0 and b > 0. Then
@bi2 - [-0al3 =0 = Pb*4=—6al3 = Ob*/4=-al3.

If Bis increased to a higher level 8’ > 0, then
0'b/4 > ~al3b = 62614 > -0'al3 = 6"-b12> V-6 'a/3 =
=0"b12-J-60"'al3>0=r,(0"a)+r,(8'-b)>0

Therefore, equilibrium price S reacts positively to an increase in 6, .

Finally, it is almost a tautology that market friction always works against
trade. This is also revealed by the fact that an increase in the friction parameter will
always cause a decrease in the equilibrium trade volume.

Theorem 2.4.8 Assume A2.4.1 and A2.4.2. Then in any case, the equilibrium trade
volume is always strictly decreasing in the friction parameters in each

and every trading period and every security market.

proof See Appendix A.
QED
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It follows that structural bias in favor of buyers in market friction will result in the
increase of security prices, volatility and trade volumes in each trading period when
markets improve in efficiency in that period. Since the (expected) return of security »n

inperiod 7 —tisgivenby

R — E[S;-"_)HI + Dg":)[-l»ll Dr_,]
Tt s¢n)
T—~t

the structural bias in buyers' favor together with a rapid improvement in overall
efficiency in the nth security market from period 7-¢ + 1 on will inevitably result in
an increase in the R(T"_zt and may actually help explain and predict a growing trend in
equity returns and thus may even suggest that a steady improvement in market
efficiency from period to period will actually exacerbate the excessive equity

premium anomaly over time instead of alleviating it.

2.5 Structural Imbalance vs. Risk-aversion

By now we are ready to see why cost effects in general can be conceptually
decomposed into two parts, namely effects through structural imbalance and effects
through agent risk aversion. If agents are risk-neutral, then any cost effects on
equilibrium prices must be realized through inherent cost imbalance. In other words,
if the friction structure is such that for every @ > 0, and for every vector of real

numbers (y1, ¥, ..., ¥p) (M is the number of agents)

0=3s (Byy = 0=5s" ) @5.1)
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then no effect is left when agents are risk neutral. Here r; is the inverse function of
marginal friction q’;l ' facing agent i in the nth stock market. Special cases of structural
homogeneity are when the friction premium function is symmetric or when the
function is homogeneous of degree k. If cost obtains structural homogeneity, then it
can only impact asset prices through agent risk aversion in that it may further distort
the risk-premium in the stock prices as is indicted by the following two-period two -
person static model. Let the period 1 security payoff matrix D; be multivariate
normally distributed: D; ~ N(g, Z). Let investor i has CARA Von-Neumann
Morgenstern utility function ui(wo, wy) over period-0 wealth wy and period-1 wealth

w| given by
ui(wo, wy) = —exp[—R,(wo +wpl,

where R; > 0 is agent i's Arrow-Pratt measure of risk aversion. Notice that
wo = XDy ~ S-(Y; ~ X)) = Zpdnl&nSp(Yi n = X; )],

while w; = ¥;-D) is normally distributed: w| ~N(¥; s, ¥;"2Y). Thus, E[u'(wg, w))]

is actually of mean-variance type given by

; 1
E[u'Ow, wi)] = ~expl-(R;wo + Re Vypt = —RZVZY))]

In other words, agent i's problem is equivalently given by

1
max {X; Do ~ S(¥; ~ X)) - 2l nlenSn(Yin— X )] + Vi — SR YEY)}

i
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To simplify computation, we assume that £ = diag{alz, ey a'Nz}, i.e. the security

payoffs are uncorrelated.
FOC:

Yint =Sp— &Spdn' (65w (Yin = X; )] + 14— Rio'nz'Yi =0, Vo=

1 l 2
rn(g_(ﬁ(ﬂ n—=0 Ri¥;p)— 1)) =& (Yin =X n)-Sp
n

Adding across i, j (two persons) and assuming symmetric cost structure, we get

1 1
E(,,_)(/‘n - UaniYi n + W(ﬂn - 0,”2 ¥ ) =2, 01

1
SO =ty = S ORI+ REY ) (%)

From (*) we observe the following

(i) The equilibrium price 5 is decomposed into two parts: the first part is just the
expected payoff of stock n (the risk-free return is zero both agents treat period 0

and period 1 consumption equally). The second part %O',,Z(R,-Y,-(”) + Rij(”)) is the
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equilibrium risk premium. Indeed, if the nth security happens to be risk-free, then

o, =( and we have
s* = Hn

(ii) Since the structural effect of the cost is nonexistent, the first part, i.e. the
discounted (according to risk-free rate) expected payoff 4, is not affected by cost

parameter. On the other hand, the risk premium

G HRE + BT

contains the effect of the cost parameter g, which is implicit in the equilibrium
demand ¥,” and Yj(") (note that equilibrium demand Y™ is a function of R;, &, and
N through the FOC). Thus we see that when no structural effect exists, the impact
of cost is realized only through agents' risk aversion in that it may distort the

equilibrium risk premium

1
~ O Rt + RY ).

Most of the existing literature that examines proportional types (including
convexified version) of cost effects on asset prices (or returns) have assumed
symmetric cost functions and have thus excluded the structural effects of costs which

may actually be of first order degree importance when risk aversion is negligible.
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2.6 Conclusion
Price and trade volume are the two most readily observable quantities in the
financial market and an analysis of how the two variables react to shocks in
exogenous variables is of foremost importance for a better understanding of the
working relations among variables in a financial economy in general. In this paper [
study how stock prices and trade volumes react to changes in the friction parameter
af” ) in each security market n and trading period ¢ in an attempt to better understand
how market friction may contribute to price distortions at a somewhat more
fundamental level. [ observe that the effects on prices can be conceptually
decomposed into two parts, namely, effects through structural imbalance and effects
through risk-aversion. [ remove risk aversion from our model and examine purely the
first type effects. I find that price of stock # is a linear function of its fundamental
value and the first type effects are entirely reflected in the distortion function which
contains no stochastic element and acts as a coefficient in the linear relation. We find
that in general, if the friction structure is biased in buyers' favor in the sense that
buyers may have more freedom in adjusting their aggregate demand because of a
slower growth rate of marginal friction than the sellers in the face of a reduction of
the friction parameter in the nth security market, then equilibrium price N (and its
volatility) rises in every period, the reason being that the demand side puts more
upward pressure on the price than can be offset by the downward pressure from the
supply side. The effects are exactly the opposite if the structure is biased otherwise.
In any case, equilibrium trade volume always increase when marginal friction reduces
because both of the two forces acts unambiguously to push the volumes up. The price
risks in my model are inherently tied with the underlying industrial projects as well as

market friction structure and cannot therefore be removed by simply reducing noise
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trading activities. We feel that the structural bias in buyers' favor together with a
rapid evolution toward better market efficiency may fit more realistically with the on-
going changes experienced by the asset markets. On the other hand, the structural
asymmetry is less severe for the liquid bond market. If this is indeed the case, the gap
between equity and bond returns will widen as market continues to evolve. Therefore
it may actually help predict a growing trend of equity premium and equity price
volatility. In any case, trade volume will continue to grow, which is another
empirically observed phenomena (i.e. positive correlation between price volatility and

trade volume).
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3 Efficient Capital Markets under General Square-integrable
Martingales

3.1 The General Setup of the Financial Markets

Ever since Luis Bachelier proposed Brownian motion processes as asset
prices, the continuous-time models of asset pricing and derivatives valuation of late
have been set up in the Brownian motion framework in the sense that the basic market
risks of asset prices are driven by Brownian motion type of white noise processes. A
classical example is that equity prices are assumed to be geometric Brownian
motions. Needless to say, there are some technical advantages to the Brownian
motion framework. First, we know that the markets are dynamically complete as long
as it contains stocks and one bond (apart from some additional purely technical
assumptions). Secondly, there exists an equivalent probability measure (also referred
to as the risk-neutral probability) Q, s.t. the joint price process becomes a martingale
under Q when discounted by the bond price process. The importance of the first
property is quite obvious: any contingent claims can be replicated via stocks and
bonds in the primitive asset markets that contain only stocks and bonds and therefore,
in the absence of arbitrage, the prices of the claims should be equal to the market
values of the replicating portfolios. The advantage of the second property is mainly
computational; it allows for risk-neutral valuations of all contingent claims.

While there are some good economic justifications for the Brownian motion
framework, it is still not clear that the prevailing structure of market risks are actually
Brownian motion driven. As LeRoy pointed out in his paper (1989), in a discrete-
time model, while random walk type of asset prices do imply that the asset markets

are efficient, the converse is not true. In fact, for asset markets to be efficient (or
43
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arbitrage-free in modern finance parlance), it is necessary and sufficient for the joint
asset price process to be a martingale under some (probably artificial) probability
measure and some discount processes (often referred to as pricing kernel or pricing
density). Since Brownian motion is the continuous-time limit of random walk
processes, it is not hard to see that the classical Brownian motion framework of
capital markets may be unnecessarily restrictive and may thus exclude many more
cases in which markets are still efficient but are nonetheless not driven by Brownian
motion type of white noise. In this paper, we attempt to replace the underlying
Brownian motion driven market risks with general square-integrable martingales. We
find that the two most important properties mentioned in the above paragraph are still
retained. We then discuss the consequences of these properties in terms of arbitrage
pricing of derivative securities.

We begin with a stochastic base (Q, o , P, T, F) in which the triplet (Q, 7, P)is
a probability space, T = [0, 7] is the finite time horizon to be considered, and F =

{ e 18 the filtration satisfying the usual conditions, namely, right-continuity and

completeness. We assume that there are N stocks and one bond in the financial

markets. We represent the price process of the nth stock by s = {Sf" ) }eT> an F-
adapted semimartingale process, with more restrictions to be imposed later on. We
use B = {B,} .t to represent the bond price. A trading strategy is a pair (¢, 6) of

predictable process, where @ = {@,}, 7 is an <-valued process representing bond

—

positions and 6 is an %M-valued process representing joint positions in equity
holdings. Let § be the discounted (through bond price) equity price process. In the
Brownian motion treatment, we know that the space of equity trading strategies & s.t.

the (discounted) process jt? udS'u of capital gains is exactly a martingale under the

equivalent martingale measure Q plays an important role in eliminating arbitrage and
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in the valuation of securities. Now in our generalized version, we want to

characterize the space of 4 s.t IG 4,45, is exactly a Q-martingale, for some

probability measure Q. We need some facts about stochastic integration.
Let N be a continuous local F-martingale. We denote by ,52((N )) the space of

all predictable F-processes 9s.t.

T
[310 P d(NY, <40, as.

Now for every 8 ,iz((N )), we know that IO x4V, is a square-integrable martingale
iff @& 72((N)), i.e. iff O satisfies

T
Ef, 16 off d(NY, <40

This is because a local martingale L is a square-integrable martingale iff E({(L)7) < +
. It turns out that we can also characterize in a similar way the subspace of ,iz(N)

consisting of all predictable processes #s.t. | & ,dN, is exactly a martingale, thanks
u u

to the famous Davis inequality.

Davis Inequality: Let (Q, J, P, T, F) be a stochastic base satisfying the
usual conditions. Let m > 0. Then 3 real constants a,, > 0 and b,, > 0
(depending only on m) s.t. for every continuous local F-martingale N, we

have

@ EGNYF) < E(NE)?™ < by EKN YY),
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where N = SUpg</<7iV-

proof See Karatzas and Shreve (Pg 166, 3.28).
QED

Fact 3.1.1 Let N be a local F-martingale. Let m > 1. Then for every 6 e S2((N)),
I @ ,dN, is a an L™-integrable martingale iff

T 5 m/2
E[jo 16, d(N),,:I < +o0 (3.1.1)
proof Suppose (3.1.1) is satisfied. Let L= _[9 44N, . Then by the Davis inequality,
E[L7)") S by BULYE?) <400 =

L is L™-integrable and is of class LD and is thus an L™-integrable martingale.

Conversely, suppose L is an L™-integrable martingale. Then again by the
Davis inequality, LY ?) < a, “E[(L7)"™] = ap~"EULA™] < +e.
QED

Now back in our financial economy, we impose the following assumptions on

the stochastic base (€, J, P, F) as a maintained hypothesis throughout this paper.

A3.1.1 The information is continuously revealed in that F is continuous, i.e. every
RCLL F-martingale (hence every RCLL local F-martingale) has a continuous

modification (and is therefore actually continuous itself).
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A3.1.2 Let ‘mg‘ be the space of all continuous and square-integrable ~~-valued F-
martingales N with Ny = 0 a.s.. There exist finitely many members M(l), vees

MB of‘m% st. (MO MDYy =0 forall i #, and if N is any member of -'/T%

with (N, M (i)) =0 for all 7, then N =0 a.s.. Moreover, there is a nonnegative

and nondecreasing continuous F-process 4 s.t. for every j, (M Y )) is
absolutely continuous w.r.t 4 in that there is some nonnegative, adapted and

measurable process y/(n with

Thus under A3.1.2, there exist finitely many members MU, .. MK of "’4’%

that are pairwise uncorrelated in that (M), M)y =0 (i.e. MO MD ) for all i =,

and also are exhaustive in that every Nin /" ,5 that are uncorrelated with all M7's is

zero. Let M= (M(l), ey M(K)) T. Then M is called the martingale generator. We have

the following fact called the representation theorem.

Fact 3.1.2 Assume A3.1.1 and A3.1.2 with M the martingale generator. Then for
every local F-martingale N, there is some 8 € /2(( M)) s.t.

N,=Ny+ j(;e M, asV .

proof See Philip Protter.
QED

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

For our purposes, we will regard M as the source of market risks and will call

M the market generator. They may be considered as the continuous-time counterpart
of the market factors in the classical APT of Ross. All market risks are generated by

M and therefore we assume that the joint stock price process S is given by
dS=a S !//"dA +b S'd.M

The stocks may pay intermediate dividends that are given by a joint F-process D. We

assume that
dD =ap-y-d4 + bp-dM

for some NxK matrix-valued adapted and measurable processes ag, ap s.t. ag- i and
ap-y are both in Z(4), and for some NxK matrix-valued process bg, b in “i%vx kM.
Notice that the price Sy is the last date lump-sum dividend payoff so we do not in
general have Sy = 0. On the other hand, D is the intermediate cumulative dividend
payoff (also called the running reward of the stocks). Let G =S + D be the gain

process so that
dG=a y-d4 + b-dM

where a =ag +ap and b = bg + bp. Security n =0 is a non-coupon paying bond with

price process B given by

dB:ﬂ.'//.dA
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for some =-valued adapted and measurable process fs.t.. S e 2(4). (Again, more
appropriately By should be regarded as the last-moment dividend payoff so B is

actually a gain process as usual).

A3.1.3 B is strictly positive and bounded away from zero.

We will use an RCLL F-process ¢ = {c,},7 to denote a cumulative cash flow

(CCF) process. We require that ¢y = 0. Thus ¢ does not include initial investment
(cash outflow) and thus represents contingent claims to future cash inflows. An
investor may adopt a trading strategy (¢, 6) to finance c¢ (presumably for
consumption) with some initial investment w. Thus we say that a CCF process c is
generated by a trading strategy (¢, &) with initial investment w if the following

accounting identities are satisfied:

(@) 6:(S+AD)+ @B=w + [ 6,dG, + [ ¢ ,dB, ¢, , 0<(<T,

(i) 6p(St+ ADp+@rBr = Acy (3.1.2)
We denote by (@, 6) € A(w, ¢, S, B, D) the statement that (¢, 6) finances ¢ under the
financial market (S, B, D) with initial investment w. For technical reasons, we will

only consider cumulative cash flow processes ¢ that are square-integrable under the

given probability P, i.e.
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E(lc?) < +o0 and E(jc, ) <+, ¥ 1 € [0, T]

We denote by © 2(P) the space of all CCF processes that are square-integrable under
P. Under the above setup, and subject to some regularity conditions, we are able to
establish two important facts, namely, existence of an equivalent martingale measure
Q for the discounted stock price process (via Girsanov transformation) and market

completeness.

Lemma3.1.3 Let c € %(P) and let w € ©. Then 3 (a, ) € A(W, c, S, B, D) iff

there is some ¢ s.t. (6, ¢') € A(w, ¢, S, B, D), where ¢’(¢) =0 for all t < T and
. o (T1
cr —BT'JO -B—udcu
In other words,
t t
S + @/ -Bi=w+ [, 6 ,°dG, + Jy@ 4dBy, 0<1<T,

, T 1
8rSt + pr'-Br=Br |, 5 deu
u

proof See Appendix B.
QED

Rem The new strategy (6, ¢') can be interpreted as follows. It does noting to the

original investment in risky stocks. But instead of consuming c, at time ¢, the
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new investment plan ¢/ saves the consumption and put it in the bank account

(the bond) until T at which the saved consumption grows (due to continuous

compounding at the interest rate) to the level B I()T Bde" and is consumed
u

finally.

As suggested in the above remark, a natural discount factor in this financial

economy is the rate at which the bond grows. So let

é=S/B+jBidD

be the discounted gain process of the stocks. (The discounted gain process of the

bond is of course 1).

Lemma 3.1.4 Let G be the discounted gain process of the stocks. Letc € = 2(P) and
6 e%(G; P)=7*G; P). Thend pe (B; P)st. (6, @) € Aw, c, S, B, D) iff
3 ¢ s.t

O S{B,+ o/ =wiBy + [/ 6,dG,, 0<I<T,

, 1
OrSyBr+or = || 5 9cu
u

proof Follows directly from Lemma 3.1.3 and numeraire invariance.

QED
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Notice that G is again of the form
dG = d-ydd + b-dM,
where 4 = (a5 +ap)/B + S-ag, b =(bg+bp)/B.

A3.1.4 For every £X-valued predictable process d, the equation b-x = d has an =X-

valued predictable solution x. In particular, the equation b -n = a-y has an
2K valued predictable solution 7 in ii(M) s.t. the stochastic exponential Z of

X= {—I(; M udMy }re[o, 77 IS @ square-integrable F-martingale under P.

Rem The above requirement of 7 is satisfied if , for example, b -n=a-yhasa

solution ne ii(M) s.t.
Bl [ Z2d(X) | < +0
0

since in this case Z=1 + IZdX must be a square-integrable martingale. A

more delicate condition for Z to be a square-integrable martingale is the

following:
1 jr 6, ,dM, || <+
sup £| exp S5 o O udMy

where the supremum is taken over all stopping times. (See Norihiko Kamaki

Theorem 1.5 on Pg 8.)
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To show the existence of an equivalent martingale measure of G as well as
the dynamical completeness of the asset markets, we need the concept of Girsanov

transformation. In our present framework of the financial economy with market

generator M, let X be the process {—fé 1w dMy }ief0, 175 Which is of course a local

martingale under P. Consider the stochastic exponential Z of X. We have the

following fact.

Fact 3.1.5 Suppose n= (1, ..., ip)" € i?,'((M) is such that the stochastic exponential
Z of {—I(; N udMy, }eqo, 77, Which is given by.

t 1 t -
Zi=explfon wdddy, = ST fon Fdm By, vee 7,
is a martingale under P. Then il—dg- = Zr defines an equivalent probability
measure (. Let MB = MO 4 jn (k) d(M(k)). Then M =

(M (1), - M (k))T is a local F-martingale under Q. Moreover, M has the

representation property under Q.

proof See Appendix B.
QED

Rem the proof of the representation property of M gives the Diffusion Invariance
Principle: if N is a local martingale under P with diffusion coefficient d w.r.t

M, then N = ['(NV) has the same diffusion coefficient O w.r.t M.
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Now let ® be the space consisting of all trading strategies (6, @) s.t. fﬁdé is

exactly a martingale under 0. We are in a position to show that the market (S, B, D)

is complete w.r.t (8, Z2(P)), i.e. for every c € Z2(P), there is (6, ¢) € © replicating ¢

under (S, B, D), subject to some initial investment w.

Prop 3.1.6 Assume A3.1.1 through A3.1.4. with 7 the required solution to the
equation b-n7=a-y. Then there is an equivalent probability measure Q under

which

ME = [0 j n (k)d(M(k))

is a local F-martingale and M = (M, ..., M®)7 has the representation
property . Also

dG,=bd M,

and G is actually a martingale under Q. Moreover, the asset market is

dynamically complete w.r.t (®, ~ 2(P)), i.e. for every future CCF process ¢ €

“2(P), there is some initial investment level w and some trading strategy

(6, p) € O that replicates ¢ with initial investment w.

proof See Appendix B.
QED
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In order to define arbitrage opportunities, we need to endow 2(P) with some

ordering. For two processes x, y in 'f‘z(P), we denote by x = y the following

conditions
x,2y,P-as.,Vte[0,T]
Also we denote by x > y the following condition
x x y and there is some ¢ €[0, T] s.t. P{x,>y,} >0

Following Steven Ross, we call a trading strategy (¢, 6) an arbitrage strategy if it
generates some CCF ¢ with initial investment w s.t. either (i) w <0 but ¢> 0, or (ii)

w <0, but c=0. We may combine (i) and (ii) and getc +w > 0

Cor 3.1.7 The space © contains no arbitrage under the market (S, B, D). Moreover,

forevery c € fz(P), and for every (6, ¢) € © replicating ¢ (with some initial

investment), we have

Tl -
6y S{B+ 9= E(AcyB, + | = de 7L Vie[0,T] (3.13)

u

proof See Apendix B
QED
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Next, suppose we add a new security to the market. Suppose this new security

is a claim to the contingent payoff represented by some future CCF process p+h

€ Z%(P). The valuation of D¥*1) is given in the following.

Cor 3.1.8 Let DV ¢ 2 3 (P) be some contingent claim to some square-integrable
future CCF process. and let SN e ts corresponding ex-dividend price
process, an RCLL semi-martingale. Let I'T be a space of trading strategies for
the expanded market s.t.

(i) v (8, &MY, g) e, Ly, 116, VD, 9 e T

(ii)[T contains ® and contains the strategy (6, &V, ) with =0, ¢ =0
and VD =1,

If I1 continues to be free of arbitrage under the expanded market

S, B, SO, p pW*IN  then

T 1
S¢VD < gE9| 8—ng () (3.1.4)
u

proof By Prop 3.1.6, there is some (8, ) € © financing D™ with some initial
investment level w. On the other hand, the trading strategy that only has
constant 1 as the position on the new security (and zero on all other securities)
also finances D¥*1). Thus both will have the same market values at all time.

By the numeraire invariance,

SV V1B, + aDND = 6548, + g, = DNV - BNV - [T 46,

Taking expectation under Q conditional on 7, yields

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57
SN0 /B, ADIVHD 2 AW _ SN+ |5y o

R R ~ T 1 <
SSNH) =B,-EQ(D(TN+D _ DSNH) ly—t) =Br‘EQ[L _é_le(lNH) II]
u

QED

3.2 Arbitrage Pricing of Derivative Securities

For every ¢ e [0, T] fixed, let Z be square-integrable and . -measurable
random variable and suppose ¢ € “2(P) is given by c;=0fors<rand ¢, =Z for s >
t. In other words, c delivers nothing except the lump-sum Z at ¢ (as in the case of a

zero-coupon bond that matures at ¢). Let (8, ¢) € © replicate ¢. Then from (4.1.3) we

have

0,S/Bs + @ = E9[ZIB,| 7,0 < s <t (and 6,-S/Bs+ ¢, =0 fors > 1)

or,

SJ 0<s<t (3.2.1)

Suppose B is deterministic (a riskless bond). Then we get

§L=EQ(_Z__
By OsSs+o s

-,?SJ 0<s<t (3.2.2)
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The L_H.S of (3.2.2) is the return on bond over the holding period [s, f{]. The R.H.S is
the conditional expected return on the portfolio (8, @) over the holding period [s, ]
under the risk-neutral probability Q.

A particular case to keep in mind is when B, is given by

t
B,= Bo'eforuw uddy

where 7 is a continuous (and often strictly positive) K valued semimartingale. In
this case r is referred to as the short-term interest rate or simply the short rate
representing the rate at which the bond value is continuously compounding. In this

case, (3.2.1) becomes

(4
Ty udAu =
;S5 + @, = E€ eL R o 0<s<t (3.2.3)

The above provides risk-neutral valuations of derivative securities, which will be

discussed below.

We first look at forward prices. A forward contract issued at time ¢ with
maturity T is a contract that specifies a contingent payment W to the holder (the long
party) in exchange for a known fee F, upon maturity. The contingent payment W is

unknown until after information 7 is realized so Wy is 7;-measurable square-

integrable random variable. On the other hand, F, is specified at ¢ (although it is paid
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to the short party at time 7) so it is F,-measurable. By convention, F, is set to such a
value that the initial value of the contract is exactly 0 at the time of issuance (i.e. at ¢).
In this case, F, is called the forward price of the contract. Now to the long party, the

forward contract represents a CCF ¢ given by

CS=

0, ifs<T;
Wr—F, ifs=T

By the definition of F, and (3.2.3), it follows that we have

T
it udAu ~
0=E2 v Wr-F)| 5 (3.2.4)

It follows from (2.4) that we have

T

- udAu

F,= L E9 e-’.z ¥ Wy
P(t,T)

: ] (3.2.5)

where P(t, T) is the time-¢ price of the discount bond that pays one unit at time 7. For
example, suppose the forward contract is made on an underlying portfolio 8 of equity
securities with market value Sy+8r at time T so that W = S0 . Also suppose 8

generates a cumulative cash flow stream c(6). Then from (3.1.3) we have

8¢S, = BEO[Ac/B, + LTBdeu &|7]=BEAc/B, + jtTBldc,, @|7]=
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[y
EQ et ¥ u u’WT

)=

F |+ EQ( Ac, / B, +J;T~-§l—dcs
S

F,=pP¢, DS~ P, I)"-EQ( Ac, ! B, + jtT’Bidcs| }) (3.2.6)
£

LetDIj, y =¢p—¢,=Ac/B, + J;T_Bidcs(e) be the discounted cumulative cash

S

inflow of the underling portfolio from ¢ (including jump at ¢) up to T (but not
including the final jump at 7). Then (3.2.6) is rewritten as

F=P(t, 1)V [S;6,- E9DL, 1] 7)) (3.2.7)

(3.2.7) is called the cost-of-carry formula for forward prices. A special case of (3.2.7)

is worth noting. Suppose the cumulative cash flow ¢ and the deflator process are

deterministic given -?t. Then the computation is independent of the equivalent

martingale measure Q and we have

J.zru v 444,
: {S;6,-DIy, n} (3.2.8)

Next, we consider arbitrage pricing of American type options. More

generally, we consider valuation of American securities. An American security is
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described by an adapted process ¥ = {¥,} tef0, T] together with a subset F < [0, 7]. ¥,
will be interpreted as the contingent payoff to the holder if he (she) chooses to
exercise his (her) claim at time ¢. Also F represents the time windows available to the
holder of the security to exercise his (her) right. For example, a typical American call
option on a security with strike price K and maturity T is given by ¥, = (S, - K)*, F =
[0, T]. A European option is also a special case in that 7 = {T}. In this context, an
exercise policy is represented by an F-stopping time ©= Q — F so that {w) is the
exercise time when o is the outcome. For a fixed exercise policy 7, the contingent

payoff ¢ of the American security associated with this policy is given by

| %, ift=g
0, otherwise

¢
It follows from the risk-neutral valuation formula, the arbitrage free value of the

American security associated with 7is given by

V(D =E2 [ej,-w s SAEN

Let A(f) be the set of all F-stopping times 7: Q — F with r> . At time ¢, a rational
agent will of course choose an exercise policy r € A(f) to maximize V(7) and this

suggest that the "fair" value of the American security is given by

SEENR (3.2.9)

T

R A4,
V= SuPteA(t)EQ [eL
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We show that (3.2.9) does indeed give a arbitrage-free value of the American
security. Let V, be the actual market price at ¢ of the American security. First,

suppose

T
—TuV¥ u

d4, -
V,<sup, A(,)EQ [ejf 24 z.l 7

Then there exists an exercise policy 7 € A(f) s.t.

Trw oA, -
Vt<EQ[eJ; ad Y ly’,].

T

Now an investor can purchase the American security for ¥, and choose exercise
policy z. On the other hand, using stocks and bond in the primitive asset markets, he

(or she) can replicate the short position of the American security associated with the

_’;1'-"' u¥ udd,

given policy 7 for that has an initial price E9 [e -Y rl ;7,]. So he (she) gets

positive cash

r_u lldAll o
EQ[e'[' G ‘le‘fr]‘V(>0

His (her) future obligation is exactly zero by the two mutually offsetting portfolios.

T
-r,y ,dA4 -
I’ P Ty, ] 7 ), the one can

This is obviously an arbitrage. Similarly, if ¥, > E€ [e
construct an arbitrage. This argument shows that the arbitrage free value of the

American security should be as given in (3.2.9).
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Although we have just dealt with a few examples of derivative securities, it
should be clear that the application of the risk-neutral valuation is by no means

limited to what we have discussed above.
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4 Equity Option Pricing with Gaussian Term Structures of
Interest Rates

4.1 Introduction

The Black-Scholes option pricing formula has been hailed as one of the
crowning achievements in the theory of finance. Over the years, a number of variants
of the pricing formula have been developed to better accommodate data observed in
real financial markets. One of the features of the original formula that people find too
restrictive is that the short term rate of the bond market is assumed to be fixed. This
is especially inconvenient for pricing "interest rate sensitive" products such as bond
options, interest rate swaps, swaptions, and interest rate caps and floors (which can be
decomposed into a series of bond options), etc.. For this reason, a number of authors
have recast the Black-Scholes formula in terms of bond options with random
movements of short term rates.

Although interest rate risks have received much consideration in the context of
pricing of interest rate sensitive products mentioned above, this should by no means
imply that equity options are not (or less) sensitive to interest rate movements. In
fact, for long-lived equity options, total ignorance of the interest rate risks may result
in serious mispricing. This is not only because that the longer the investment
horizon, the more chances there are for the interest rate to fluctuate, but also because
the length of the holding period may serve to exaggerate any interest rate errors as is
suggested in the original Black-Scholes option pricing formula for a call option on a

stock with current price S, strike X and expiration T:

4 Some trading experts on the Wall Street suggest that the derivatives disasters of some heavily
leveraged firms are largely due to sudden movements in short-term interest rates.

64
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(e) = SO(d,) — e TD-Kd(d,)

where ®(-) denotes the c.d.f. of the standard normal distribution and

_ In(S/K) + (r+ 0 212)(T-1)
oT—-t

In(S/K) + (r—o 2/2)(T~1) _yg
Bas |

d
L ocJT-t

’ d2= -0

T—t

In the expressions for 4| and d, we see that any errors in r are amplified by a factor of

T-t.

In this paper, we develop a sophisticated equity option pricing formula by
incorporating term structures of interest rates. The term structure we consider here

assumes that the short rate r is a stochastic process generated by the following SDE:
dr(s) = [a(s)r(s) + b(s)]ds + c(s)dW (s), subjectto r(0) given (4.1.1)

where a, b , ¢ are continuous deterministic functions of the time s and W is the
standard Brownian motion under some risk-neutral probability measure Q. The term
structure is called Gaussian because the short rate process is normally distributed.
We do not specify functional forms of a, b, ¢ so that it is broad enough to include the
popular models such as the Vasicek term structure or the "arbitrage-free" models such
as Hull-White and Ho-Lee. Also, by allowing free forms of a, b and ¢ we may
calibrate these parameters so that the term structure (i.e. the set of prices of default-

free discount bonds with varying maturities into the future) best fit the yield curves of
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the bond markets. For an equilibrium justification of the Gaussian term structure
models, the reader may consult, for example, Darrell Duffie, Costis Skiadas et al
(1995) in the framework of pure security exchange economy with a representative

agent with recursive utility.

4.2 The Model
We begin by assuming a stochastic base (Q, J, P, F) where (Q, /, P) is a

complete probability pace and F = {3,} >0 1 a filtration on the probability space

satisfying the usual conditions. Upon the stochastic base, the primitive asset markets

consist of a non dividend-paying stock whose price process S is given by

dS(?) = w(6)S()dt + a())S(H)d W (t)

and a money market investment opportunity characterized by the value process

dB(¢) = B(t)r(¢r)dt, subject to B(0) given

where u(1), o(t) are continuous deterministic functions of ¢, and r(¢) is a continuous
stochastic process to be specified later on, and W is a one-dimensional F-Brownian
motion. Under some mild restrictions (e.g. assume that u, o are bounded), we obtain,
using the Girsanov transformation argument, an equivalent martingale measure Q and

a new standard F-Brownian motion W under Os.t.

dS(s) = r(S@)dr + o()SOAW (1)
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We assume that under this risk-neutral valuation, the short rate process r is given by

(1.1). Notice also that the discounted price process

S0y = (e (74

is a martingale under Q (hence the name martingale measure for Q) and we thus have
_ ~[Tr(z )dr
S(0) = E2[S(T)e | 7] (4.2.2)

More generally, The risk-neutral valuation implies that the market is dynamically

complete and every contingent claim can be priced. Specifically, the arbitrage-free

value H(¢) at time ¢ of the claim to a random payoff Z, an Jt-measurable and Q-

integrable random variable delivered at time T2 ¢ is given by
—Irr( r )dr
W(ty=E9e % ZI )

In particular, the arbitrage-free value P(z, T) at time ¢ of a default-free discount bond

paying one unit at time 7 is given by

T

P, 1) = B9l 7(F T | g (4.2.3)

Similarly, the arbitrage-free value V{(¢) at time ¢ of a call option on the equity with

maturity T and strike price K is given by
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T
) = EQ((S(T)— 0t -exp(— Lr(s)ds) J,} (4.2.4)

The complications with trying to develop an analytical pricing formula for
(4.2.4) lie in that we can no longer take the discount factor directly outside of the

expectation operator since it is stochastic and not J-measurable. Thus we need to

know the joint distribution of both S(7) and the above discount factor. Let

y(s) = ﬁr(r Ydz,Vs2>0.

Then
)= WD) =~ r(s)ds

vty = E2(S(D) - KO D[ F)
Also, let z(s) = InS(s). Then we have, by Ito's lemma,

dz(s) = [r(s) - %ol(s)]ds + o(s)d (s)

and we get

ey = EQ[eED - gyt D Jl= EQ[I{:(T) 5 an}'(ez(T) ¥ =KD _ 0 - 1D gry+ |
)
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The key to evaluating the above expression is recognizing that the vector (z(7), y(7))

is bivariate normal conditional on 3,. The analysis is based on the following fact

about linear SDE.

Fact 4.2.1 Let X = {X(s)} se[0, x) be an N-dimensional random process generated by

the following SDE

dX(s) = [A(s)X(s) + B(s)]ds + C(s)d#(s), s.t. X(0) given

where A(s) is an NxN matrix-valued continuous function of s and B(s) and
C(s) are N-dimensional vector-valued continuous functions of s. Then Xis a
Gaussian process, 1.e. X(s}), X(s,), ..., X(s,,) are jointly normal for every time
sequence 5| < s, < -- <5, given. Moreover, X is Markovian w.r.t F and for
every t < T, given, the distribution of X(s) conditional on X{(¢) (and hence
conditional on J, due to the Markov property) is multivariate normal with the
mean vector m and the variance-covariance matrix £ satisfying the following

initial value problems on the time interval [z, e):

dm(s) = [A(s)m(s) + B(s)]ds, s.t. m(t) = X(¢)

d(s) = [A(s)Z(s) + Z()4T(s) + C(s)C(s)]ds, s.t. () =0

For reference to the above result, the reader may consult with any standard text on

SDE such as Karatzas & Shreve (1988).
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Now, if we let

a 00 b c
A=!1 0 0|, B= 0 , C=
1 00 —10'2 o
2

and let

>
I
N Y

Then, X satisfies the following linear SDE
dX = (4X + B)yds + CdW

and thus Fact 1.1 implies that X is a Markovian Gaussian process. Notice that the

Markov property allows us to replace the information 3, with X(¢f) when taking
conditional expectations. Thus /(¢) depends on current value X{(r) (and the expiration

time 7). Therefore we have

) = VX t, ) = B9 7y 5 gy (€D HYO YD — 20D gy* | x(ry = X ]

Lem 4.2.2 Conditional on X(¢) = X, let p be the correlation coefficient of y(t) — y(7)
and z(7) and let
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2T) ~N(ay, b7 ) and y(¢) - (1) ~ N(ay, b3)

let b5 = pby-by = Cov(z(T), W(T) |X(t)). Let P(t, T) be the price at time ¢ of
the default-free discount bond paying one unit at time 7. Let ¥{(¢) be the price

of a European call option on the underlying stock with strike K and exercise

date 7. Then

42.5) P, T)= exp(—zl-bg +a2)

and
4.2.6) o = S(od,) - P, T)-K-d(d,)
where

’ d2=_an—a1—b12 =d1—bl

proof See Appendix C.
QED
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Notice the similarity between (4.2.6) and the classical Black-Scholes formula.

In the latter, owe also have the relation d,=d; - oJT—t, where oT—t is exactly
b, in our model when oand r are both constant. Also, if the short rate r is fixed (i.e.

a = b = c=0), then the discount bond price is exactly

P(t, T) = =T

This is also very similar to the bond option pricing formula developed by Jamshidian
using the Vasicek term structure. We can see that equity option valuation is indeed
very much dependent upon interest rate movements because the pricing formula is
closely tied to bond prices. The difference here is that the underlying equity prices
provide a new dimension of random movements and thus the option price turns out to
depend on two explanatory factors, namely, current short-term rate as well as current
stock price.

Next we deal with computation of the parameters a;, b; and b;,. Of course we
may directly apply Fact 4.2.1 to the 3-dimensional SDE to find out the joint mean
and the variance-covariance. But the evaluation is very cumbersome. On the other
hand we find it much easier to work with 2-dimensional systems.

First, observe that the vector (r, z) arises as the solution to
r r N
z z

where
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Hence the mean vector (4, 1) and the variance-covariance matrix Z, are given by

d(# 1) _ H . _ _.
@.2.7) E(# 2} —Al[# 2]4-31 subject to z(f) = r(f), and u,(f) = z(t)

Solving the above yields formulas for a; and 5,.

Also, notice that the vector (r, y) jointly satisfies the following SDE

d(rJ = [Az(rJ + B,]ds + Cdi¥
y y) F 2

where

The variance-covariance matrix Z, satisfies the following initial value problem on the

time interval [¢, «):

428) L[ =4 ™ |+ B, subjectt = (1), and mo(1) = p(¢
428) |, =4, |+ B, subjectto my()=r(@), and ma(t) = ()

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



74
dZ,/ds =A,Z, +Zy4," +C,C," subject to Z,(7) =0

Solving (4.2.8) yields formulas for a, and b,.

Next, let x =z + y and consider the vector (r, x) which arises as the solution to
d " =14a] " |+ Bayds + Cadi
= - +
x 3 5 3 3

where

Hence the variance-covariance matrix Z; of (r, x) are solutions to the following linear

system:
(4.2.9) dZy/ds = 4355 + 34,7 + C;C;T subject to T(H) =0
Solving the above yields, among other things, the formula for b% = Var(x).

Finally, using the relation Var(x) = Var(z) + 2Cov(z, y) + Var(y), we obtain the

formula for the covariance parameter b,,:

by, = [Var(x) - Var(z) - Var(p)l2 = [b3 — b3 - b2
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and we thus have the following lemma:

Lemma 4.2.3 With the above notation, we have,

-z(r)+r(r)_[¢(s)ds+j ¢()[j b((’)) ‘]ds —%J;Taz(s)ds

T T
ay= ~rOfp s - | qo(s)[j b((’))dt]ds

T
b =2[ 0 S )+ g(s)Mds + [ o Xs)ds
T
=2[ 0 (5)f (s)ds
2 r T 2
b3 =4[ o (N2f(5)+g0ds + [ o Hs)as
=163 - b7 6312 [ 0 ()2 (s)+g(s)]lds

where

ols) = exp{ [ a(5)ds )}

s e T
19=], [W)'L [rp(f)] df}ﬁ
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g(s) = Sa(.?)c(.s")dg
t @)

proof For details see Appendix C.
QED

Now we summarize the lemmas into the following proposition.

Prop 4.2.4 With the above setup, the price P(t, T, 7) at time ¢ of the default-free

discount bond paying one unit at time T, given r(f) = F, is given by
Pt, T, F)=expH(t, T, F)]
and H(t, T, ) is given by

T
H, T, 7) = [ ¢ (S)Lf (5) - h(s)~F1ds

where

os) = epr‘;z( 7 )dr

s b(r)
to(7)

dr

h(s) =
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i -2
6= | [qo @ |, [g(%] df}ﬁ

The price ¥(t, T, S, F) of a European call option at time ¢ which expires at T
with strike K, given that the stock price is S and the short rate is 7 at ¢, is

given by

e, T,S,F)=Sdd,) - P, T, FY&(d,)

_In(S/K)+ LT¢ (5)[F +h(s) +4f(s)+3g(s)lds + (1/2) jfa 2(5)ds

172
{J,T-’-w O @) +g)ds+ [ & Z(S)ds}

a

InS /K +[7 @ ()F +h(s)+2(s)+g()ds — (1/2)[" & 2(s)ds

172
{J,T2¢ S +eg@ds+ [ o 2<s)ds}

where g(s) = J‘:%df

proof Direct consequence of the above two lemmas.

QED
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4.3 Special Cases
We now consider some special cases.
CASE 4.3.1 The Classical Black-Scholes Formula Suppose a =5b =c¢ =0 so that
the short term rate is fixed at 7. Also, suppose the volatility parameter o of the

equity price is also constant. Then clearly,
Pt T)=e"(T-0

Also, we have f=g=/=0and ¢(s) = 1 so we quickly get

_In§/K)+[F+(1/2)a 2T~

d
[ o~NT—~t

_ In(§/K)+[F-(1/2) (T -1)
oJT -t

dy

CASE 4.3.2 The Vasicek Term Structure Suppose the short rate process  is mean-

reverting as in

dr(t) = a( S~ r)dt + cdW (1)

where o > 0, #> 0 and c are all constants with £ representing the equilibrium short

rate. Also suppose the volatility ois constant. Letting a =-aand b = aff gives

¢(s) = exp[~a(s - 1)]
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h(s) = fle®0 - 1]

gs) = ZE [ - 1
a

62
f(5)= —5 [ -2 + )]
2a
_ r _ ¢? ¢ F-
HTF) = [ @ (S)f () ~h(s) ~Flds = [ -8 ](T—r) + [—7+ }A(r,n -
t 2a a a
42—-33(1,7) where
A, T)=e XD B T)=e 2T _
(_.2 c2 7o 7
P(t, T, F)=exp{| —5-B |[(T-0)+ ( —+ JA({,I)— =B, 1)}
20 ¢ a’ a

as is exactly given in Vasicek (1977) and Jamshidian (1989).

Also, we have

'“(S’K)’f["ﬂ' +§C—3-5+4£]A(tn 2—3“—30731{ 02+3—-+/3+‘*9f)(r )
a a

a

2 2 72
{(%+%g—9+a J(T 1)+ [263 2o-c]A(f T) - —5 B(, T)}
a a a

a

d\=

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



80

2 = 2 2
In(S / K) + ﬁ+4—c§—i+2"—f AT - S5 BT + -102+2—°5+ﬂ+2—"5 (T-1)
do= a aq° a a° a 2 a a
2 2 2 2 12
LENEL LI 1t 353-+3"—Zc A6, T) ~—— B(1.T)
a” « a a 2a

Interestingly, if we let ¢ = 0 and let & — 0, then we get, in the limit, the classical

Black-Scholes formula again.
CASE 4.3.3 The Ho-Lee Model The short rate process is given by
dr(s) = b(s)d(s) + cdW (s),
where c is a constant. Assume that ois constant. We then have
@s) =1
S
h(s) = _[b(r )dz
t

(s—1)?

fis)=¢? >

g(s)=or(s— 1)
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Therefore we have

P(ts T’ F) =A(ta T)exP["F(T"’ t)]

where

A(t, T) = exp{ (T - 16 -B(t, T)}

B, T)= L T[J?J(r )dr]ds

Also, we have

_InS/K + [F+(1/2)0 420 ¢(T=0)+F (T =1)* (T -1)+ B(t.T)

d
| (/AT 1P +oeT-0+0 Tt

d, = InS/K +[F-(1/2)0 2+(2/3)3(T-1)* + o (T~ 1)(T~1)+ B(1,T)
=

- [(1/3)A(T-1)2 +oc(T-1)+ 0 2V3IT-t

Notice that in the original Ho-Lee model, b has a more concrete form
b(s) = F (0, s) + c%s

where F{t, s) is the instantaneous forward rate.
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CASE 4.3.4 The Hull-White Model. The short rate process r is given by

dr(s) = [As) — ar(s)]ds + cd# (s)
Assume that ¢, o are both constant. Then

@(s) = exp[—a(s - 1)]

h(s) = fe“ G-Ng (5)ds

g(s) = %c-[e““"’ -1]

2
)= 5[ -2 4
—

We have

P, T, r)=exp{H(t,T, F)}

with
_ r _ ¢
HETF) = [l @-ho)-rlds = <@+ [
a
CZ
3 B(I’I) - C(taT)
a

6‘2 r
‘\+_—
a’® «a

82

JA(t,T) -
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where A(t, T), B(t, T) are as in CASE 4.3.2 and

.= jtre-a (s~1) ( J‘tsea(f-t) ), (E)d.?]ds

Also,
d1=
1n(S/K)+(%C—3-;; ‘L“}A(rn 3L-B(z T)+C(1T)+[ - +3g 4;”](T )
22
5 5 5 7 1/2
{[Lﬁ—"h ](T t)+( "3 ZGC]A(tn -, BG, n}
a” 24 a a
d2-
2 — 2
In(S/ K) + (———6’7 ZUCJA(tT) ~—§B(1,T)+C(1,T)+(—~ +?5- 2"CJ(T )
a o a’? @
) 22 2 c? v
{(-5+—°1+a )(T z)+[ c3 ff]A(xn u-B(t n}
a a o (74
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Appendix A
The key to recursively solving out the dynamic equilibrium model is the property that
at each iteration step, the equilibrium price is shown to be a linear function of the

current dividend earning.

Lemma A.1 Letf: £ — < be a strictly monotone and continuous function, s.t. f}(x)

=0 has a solution, i=1, 2, ..., m. Let A be a nonempty subset of .. Let a;

>0, b;bereal constants,i=1, 2, ..., m. Then the following equation
0= Z,f,-(a’;x—b,-),x €A
y

Uniquely determines y as a linear function of x on 4: y = a-x where a is the

. a;
unique nonzero constant s.t. Z,—ﬁ-(—’ —b,-) =0
a

proof: The usual implicit function theorem is not applicable since 4 is not necessary
an interval. But proof is remarkably simple. First it's easy to see that there is a

unique number a such that

This is because when 1 is sufficiently large Z,-f,-(gi-b,-) is positive, and
Yy y

when 1 is sufficiently negative, Z,f,-(ﬂ—b,-) is negative due to the property
Y y

that f; is strictly monotone and f{x) = 0 has a solution x;. The intermediate-
84
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value theorem guarantees the existence of a. Let y = ax. Then clearly y solves
the equation. Since f; is strictly monotone, y = ax is the unique solution

QED

Proof of Theorem 2.4.4: Let {Sy, ..., St_,} be any nonzero equilibrium price process.

We show that {Sj, ..., S7_,} and investors policy together with their value

functions are as given in the theorem. The result is easily seen to be true for
period 7 - 1 by deriving the FOC and using Lemma A.1. Now suppose it is

true for T — ¢ so that
VX, DY= (3408 NCDX +£_ (9, Vi

where f’T_ ,(€) contains no stochastic elements. Let Sz._,_;| be the equilibrium

price in period T~ ¢ — 1. Then investor i's problem in period T~ — 1 is

V14, D) = max (DU Sp (V=20 -
T—t-1
- an(;l_)[_l -qf, [S(TQ,_[ (Y(;_?;I_I_X(n))] +

+6; | Z Vir-e(¥;_,_»D)Pr__1 7-4(D, dD) = (by induction hypothesis)

= max (DX =Sy (Vg =0~ Zpef2e 0, 172, (HF2 = X
T-t-1

F(Xhso® FHIGEODT Yy + 8@
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FOC: differentiating w.r.t. Y(zfl—);’:-l’ for each n, yields

_gn.S(n) i ,[S(n) .(Y(N),i _X(n))]+ (22=05 l{(+1 )Zz=l gg[’;nD(m)

(n) .
Sl Tttt D P71\

=0 =

t k+1\ N (¢+1) f(m)
. . o3 D
S(T{')t—l,(y(;-);l_l_x(n)) =pf [ 1 .[(zkzo i )Zm=l Enm _IB

4 € (Tn—)t-l S(’-l-)l—l

(A.1)

Adding across i gives

N
L [o:;:oa TN gl ‘JJ

0= zi r; {
€ (Tfl—)t—l S%'"—)t—l

ZN (t+1) y(m)

_.&n .
By Lemma A.1, S(T"_) o) =2 iv(”)m , where w(T"_) (s defined by
T—t~1
=5 i 1 (n) t o k4l
O—Zirn [g (n) '(WT—I—I' Ic=05"+ _1)
T—t-1
Now substitute the expression S(Tf'_)t_l = w(nl) Z}A’Ll g&Dpm - back to
T-t-1

(A.1) and we get
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; ; 1
S 2L - X =, ( o (Mei o £ -1)] (A2)
T—t-1

and

T—t-1 T—t-1 (n)
2

KD 0) ( WO f*‘—l)] (a3

Now Substituting (A.2) back into the expression for ViT_,_l(/X’, D) gives

the desired result. Hence induction is complete and necessity is proved.
Finally since FOC is sufficient, the entire proof is complete.
QED

Proof of Lemma 2.4.6

We prove case of structural bias in buyers' favor only. We first show that
w(T"_)t(H) is locally strictly decreasing in g, i.e. for every > 0, there is some
a>0s.t. forevery 8' € (6, 8+ a), w%f’_)[(é?') < w(T”_)t(H).

Let 8> 0 be given with
Siry (8w P (9-1]=0

Clearly, a"T_t-w (T”_) () — 1 cannot be all zero (and therefore some must be
positive and some must be negative) since a/'T_ .S are distinct. By the
definition of structural bias in buyers' favor, an infinitesimal increase of 4 to

the value @' makes
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¥l [0y wiD (@ -1)] >0 (**)

Since rfz is strictly increasing, the only way to achieve a new balance is for
w (T”_) ,(6) to decrease to a lower level w (Tf'_) (6") so that the positive terms
in (**) become less positive (i.e. decreased) and the negative terms become

more negative in order to get the following

St (0w (60 -1]=0
Hence w(;'_)t is locally strictly decreasing in 6. Since w(T"_) , Is a continuous
function of g, it follows now that w(7f'_) , 1s actually globally strictly decreasing

in Gas well.

QED

Proof Theor .4

To prove this in our framework, observe that in equilibrium, trade volume in stock

n is the sum of all net buyers' demand ¥ (T"_);i -X (75'_)’,i > 0. Itis also the absolute

value of the sum of all net sellers' supply Y (75'_)[’ -X (75'3[' <0. By (24.3) we

have
(’l) 4 6 k
i _ i~ L | 1 DS
T—t €T T—t
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First suppose the market is in equilibrium so S (75'3 ; 1s the equilibrium price. Let
Let d be the equilibrium demand and s be the equilibrium supply and we have d =
s, which represents the equilibrium trade volume. Now leta(—[f'_)t increase to a

higher level & (T'f_) ;- The both aggregate demand and aggregate supply (in absolute

value) must decrease by (2.4.3) (before price adjustment). Let d ' be the new
aggregate demand and let s’ be the new aggregate supply (in absolute value). One
of the three cases must occur.

Case 1. 4 = s’ and thus the equilibrium price stays unchanged with equilibrium
trade volume d' <d.

Case 2. & > s'. The equilibrium price but adjust to a higher level so that & is
further decreased to a level d " and s’ is increased to a higher level s ” until
d" =s" holds. In this case, the new equilibrium trade volume is 4" < & <d.
Case3. d < s'. The equilibrium price must adjust down to a lower level
further depressing s’ to a lower value s” but increasing 4 to a higher level d “ until
s" =d". But again we have 5" <s’ <s = d = the original equilibrium trade volume.

QED
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Appendix B
proof of Lemma 3.1.3:

Let o, = J'(;Bdeu . Then we have
u
th da , =c¢
o u u t

Now the integration by parts formula yields

t
ayB, ~ J'o a ,dB, =c,.

Hence

t
d,_'Bt— '[Oa udBu = Ct_, O S t < T

Now first suppose (6, @) € A(w,¢). Let ¢ = p+ a_. Clearly ¢ € Z(B).

Now we have
OS, + /By = OS; + @B+ aB=w+ [ 6,dG, +
Jo@ udBy ~cr+ e +[ja ydB=w+ [ 6,dG, + Joo idB,,0<e<T
with
Or'St + or -Br=Acr+ BTIOT—Bludcu = BTJ'OT—B}:dcu

S0
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Hence (3.1.4) is proved. Conversely, if (6, ¢) satisfy (1.4), then let
p=¢ -o_
and we have (3.1.3).
QED

proof of Fact 3.1.5:

P = F(M(k)), V k. To see that M has the representation property (under
0), let N be a local F-martingale under Q. Then by Fact 3.1.2, N arises

as the Girsanov transform of some local F- martingale N under P, i.e.
> t
N=N+(N,[ 7, dM,)
Thus there is some 6 € ,ZZK(M) (= i%(( M)) s.t.
4 ~ t
N =No+[ 0 ,dM, = No+ [ 6 ,dM, =
> t ~ 4
= No+ Jo 0y dity, ~%¢f,0 - n (P-au®y, =
S s t ~ t k). (k k t
N =N+ [16 a8, -5f 6 O P-du®y, + (V[ 7 dity)
- A t ~ L,k k k
= N0+f06 «dM, —ijogfl )775‘ )-d(M( ))u +<J'g u'dMu,IU s dM,)

~ t ~
= Ng+ [0 ,dM,

Hence the representation property of M is established.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



92
QED

proof of Prop 3.1.6:

Construction of Q and the representation property of M = 5.vcu in Faet 3.1.2.

Direct verification shows that

dG =bh-d M.

-

To see that G is actually a martingale under Q, notice that by assumption, b
€ Nx x((M); P). But since the density Zr = dQ/dP is square-integrable
under P, it follows that 6 € Xpuxl(M); Q) = Xy ({M); O) and thus G is a

martingale under Q. Next we prove that the asset market is complete. Let ¢
e’%(P). Let

W = w/By = E( f dc,,)and N={N}eq0, 11 be given by

N,= EQ[j e, |7, 0<e<T

Then N is a QO-martingale and therefore by the representation property of
M, there is some v’ € lxK((M))— s.t.

N(t)=w/Bo+I(: v odM,,0<t<T.
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Let @ satisfy &b = v. Then we have 8 € X((G); Q). Let p=N — ¢S. Then

clearly ¢ € Z(B) and
6°(S,+AD)+@,=N, =W +j(;vu'dA:Iu =
=W+ [6dG,0<r<T, and

a ~ T 1
HT’(ST-F ADT) +or =NT= J-O E—dcu -
u

It follows from Lemma 3.1.4 that the market (S, B, D) is complete w.r.t
©, (P)).
QED

proof of Cor 3.1.7:

Suppose there is some CCF process ¢ in fz(P) that is financed by some
(6, ¢) € © with some initial investment ws.t. ¢ + w > 0 under the original
markets (S, B, D). Then by the numeraire invariance theorem, ¢ is financed

by (6, ¢) under (S/B, 1, D) with initial investment w = w/B,, where

é =J%dc .

Thus we have

w+éT=I;6udéu
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Since J 0dG isa martingale under Q, it follows that
0=E20W +¢é7]

in direct contradiction to w + ¢ > 0. Hence, ® contains no arbitrage. Next

let ¢ € fz(P) be any CCF process so that ¢ = f—é—dc is financed by some

(6, ) in ©. We must then have
~ - T -
6yS/B,+¢p = Cr—C,— L g 4G,
Taking expectation under Q conditional on -, gives

6,S/B;+ ¢ =EQ[5 7= C I:'t]

QED
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Appendix C

proof of Lemma 4.2.2:
First, let F(- ; m, bz) denotes the c.d.f of the normal distribution N(m, b2). Then

we have

xX—m

b

1 - F(x; m, b%)=d(- )

Next, the joint density of z(T) and y(f) — /(T) is

fzy) =

= 1 expd — 1 (z_al)z_2P(Z—al)(y—a2)+(y—(12)2
2rbpy1-p2 | 20-p?)| b2 b6, E

Now let

v, = EQ[I{:(T) > an}.e-’(T) + -y (D] | =], and 7, =EQ[I{z(T) 5 an}-eW) -y(D.g|

z

Then
V= I[: Kf; e f(z,y)dydz = I: Kez[f; e’f (z,y)dy]dz

95
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To computer the inner integral in the square bracket, let

u= y—a , v= zZ—q
b by

Then

o
[~ ereyy-=

oo}

1 © 1 2 2

= expibu + ay — (" =2puv+v-]pdu

V27 b1L’° Jzz(1—p 2) { 2(1-p %)

1

V27 by
2 =2 pv+(1-p Dby Ju + v —2(1-p Da, }du

@ 1
L frt-0? exp{_ 21-p )

1P exp{_[v—(pbz+bl>]2—<b$+2pblbz+b§>—2<a1+az>}dz=

- 27 b Yk 2
1 ® 1
= exp{h(u)}du
V27 b L"\/zn(l-p 2y
where

hy= - =y =(=p P —[pv+(=p Dol +v? =20 -p Hay
2(1-p ?)
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Thus

1

the inner integral gives

J27

1

or

.
il

= 272 (1-p?)

exp{h(u)}du=

expl —
b p( 2

v ~2p by —(1-p 252 —2a2]

2

1 J-oo exp _v2—2pbzv—2b1v +p 2b22—2a1 —b22 -2ay _
nK

14
L ,/27[ bl

2

b2 +2pbib, +b2)+2
=exp{(1 pbiby +b5)+2(a) +a3)

= exp{

(6] +2pbiby +b2)+2(a) +ay)

2

= exp{

2

}[1 ~ F(InK; a, +pb\by + b7, b7)]=

2
© —an—al —p bbby -5 _
by

b

(b2 +2by; +53)+2(a +a2)}¢[_1n1<—a1-b12-b;’-]
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1 [ v =2p byv —(1-p D)2 —2a2J
exXp| —

1 J‘ expl— [z—- (al+pb1 b)Y
Jz—n by JinK 267

b2+ 2}K[1—F(an a, + pb-by, b2)] =

_[nK—al —blz)
by

Hence

1
) = exp{; (b12 +2bjy + b22) +(a1+ap )}Cb(dl) - exp{%bz2 +ay }K-Cb(dz)

where

Finally, notice that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



99

e)(p{%(bi2 +2b12 +b22) +(ay +a2)}

is exactly the moment generating function g(1) of the random variable y(¢) — (1)

+z(T) computed at A = 1. In other words

exp{%(blz +2b12+b22)+(a1+a2)} = E9AD + Y0 = XD X)) = (Markov

property)

~[Tr(rydr | ~
= B9 +30 =D | 71 = grg(ry-e k" | 1= 500

by (4.1.2). Also,

exp{l;b.f +ay }

is the moment generating function A(7) of y(f) — (7T) evaluated at == 1 and so by
4.1.3)

— T —_
exp{—lz—bz2 +a2} =EQ[e Ji rz)de |.-;‘,] =P, D

QED
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proof of Lemma 4.2.3:
Here we demonstrate only how to derive formulas for a, and b,. Derivations
for other parameters are the same. Consider the system of linear differential

equations (4.2.7). Solving the linear equation for m yields

Sa(r )dr —[fa(r )dr
(4 t

m(s)=e -b(£)dr]

() + _[‘ Te
Next, mo(s) satisfies

dmy(s) = my(s)ds , s.t.my () =3(1) =
mals) = ey [ my (7 )z =

t

5 $ < i
- 0+ r(l)J‘tseJ" a(r )drdE N J‘ISeL a(r )dr I:J‘Se L a(r )dr -b(t-)dt-j'd.?

Now
ay =y()—my(T) =

T [ T (s it L
=—r(t)J; eJ’ ale )drds —J.l eJ' a(r )dz [Lse Jyatz )z -b(t)dt]ds

To compute variance and covariance, let
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2
g g
= [ r ’fJ Then

(e g
r,y y

dZy/ds = dyT) +Ipdy' +CoCy'

The above reduces to a system of linear differential equations in three
unknowns.
daf/ds=2a0'3 +c
= 2
do, ds=ac,,+0;

2 =
do y/ds =20,y

We get recursively,

s s 5 s 2
O_z_(s)=e2fla(r)dr J; 2 atz ) 2EE =26 [ J &
t

c(5)
@ (3)

e 2
o, y(8)= ;a(s),J':{(o (5) 'f[;((tf))} df}df = g(s)s) where

[l

s2(s)=2 j’ ? G)f(5)d5 Finally, notice that

e

a2=b§ =0'i(T)

QED
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